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ABSTRACT 

We discuss a simple procedure for finding vacua of gauged supergravity models, based 
on the variation of the embedding tensor rather than on a direct minimization of the scalar 
potential. We apply this procedure to A = 8 gauged supergravity in 4 dimensions. We easily 
recover many of the previously known vacua, also completing their scalar mass spectrum, 
and we apply our procedure to find a dozen of new analytical vacuum solutions. The analysis 
shows an interesting structure on the moduli spaces of these vacua and provides new criteria 
to determine the expected value of the cosmological constant by a simple inspection of the 
group properties of the embedding tensor. 



1 Introduction 



The maximal supersymmetric gravity theory in 4 dimensions has received a lot of attention 
since its discovery because of its unique matter content and its special properties. The 
hope that it could be used as a basis to construct a unified theory of gauge interactions in 
the context of a sensible quantum gravity theory has been hampered by the lack of chiral 
fermions. However, N = 8 supergravity is still at the center of current investigations because 
of its possible perturbative finiteness and because its massive deformations (gauged models) 
can be related via the gauge/gravity correspondence to the theories of stacks of M2-branes. 
These, in turn, could be used as a technical tool to obtain new information on strongly 
coupled gauge theories related to condensed matter applications. 

Another important role of gauged supergravity models is played in the framework of 
flux compactifications of string theory and especially in the search of metastable vacua with 
positive energy. In spite of the fact that N = 8 models cannot be used to obtain realistic 
phenomenology, understanding the conditions for the occurrence of de Sitter vacua and for 
their stability may shed new light on the origin of the difficulties we currently face in order 
to produce them in the context of low energy string models. 

Altogether, a comprehensive classification of all possible massive deformations of N = 8 
supergravity and of their vacua is a desirable and now realistic objective of supergravity 
analyses. An important role in this project is played by the embedding-tensor formalism [Tj. 
Using this formalism, all different gaugings can be described in a single covariant construction 
that is based on the underlying global symmetry group G of the ungauged theory. In 
particular all possible gaugings are encoded in an embedding tensor 6 m 01 that describes the 
embedding of the gauge group into the global symmetry group and hence can be characterized 
group-theoretically. Actually, 6m q entirely parametrizes the action of gauged supergravity 
(up to the choice of symplectic frame) and therefore also its scalar potential and vacua. 

In this paper we will show how, by combining the embedding tensor formalism, applied 
to N = 8 supergravity in [2], [3| , and the fact that the scalar manifold is a coset space, the 
conditions to produce vacua of gauged N = 8 supergravity can be reduced to a combination 
of linear and quadratic constraints in the embedding tensor, therefore allowing a simple 
algebraic identification of many new vacua of the theory. This realizes an idea proposed in 
[I] and [5]. Although we postpone the discussion of the detailed algorithm to the paper's 
main body, the idea underlying this analysis is rather simple. In fact, the allowed gaugings of 
N = 8 supergravity can be determined by a series of linear and quadratic constraints on O. 
Then, among other things, determines the scalar potential, which depends non-linearly on 
the 70 scalar fields, but only quadratically on O itself. Now, since the scalar manifold is the 
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coset E 7 (7)/SU(8), any point can be mapped to the base point by an E 7 ( 7 ) transformation, 
which is the full duality group of the ungauged theory. This means that by a proper duality 
transformation, acting on both the scalar fields and the embedding tensor, we can map any 
critical point of the scalar potential to the base point of the scalar manifold, at the cost of 
changing the explicit form of the embedding tensor. This means that in order to find all 
the vacua of N = 8 gauged supergravities one can simply solve the critical point conditions 
at the base point of E 7 ( 7 )/SU(8), scanning over all allowed embedding tensor values. Since 
these appear quadratically in the scalar potential, we reduce the problem of finding extrema 
to an algebraic problem of solving quadratic constraints on 0. 

We will see that such a simple idea allows us to easily reproduce the known exact vacua 
as well as to produce new ones as easily. We believe this is a rather important development 
in this line of research, since in 30 years only a handful of vacua had been produced [6j [7J 
El El QUI IH H21 EH HH [El [5] and only very recently, thanks to new numerical techniques, a 
systematic search has been initiated [161 H3 HE] • Actually, a combination of the technique 
proposed here with the improved numerical analyses of [TB], (TTJ HE] could allow for a fast 
reaching of the goal of an exhaustive study of the vacua. 

As an intermediate step one could try to obtain a complete classification of the vacua with 
specific gauge groups. Unfortunately, as we will see, although the conditions are quadratic, 
one may still need to resort to numerics for a complete scan. For this reason, in this paper we 
will concentrate on few specific classes of gaugings, mainly those realized as subgroups of the 
electric SL(8) group, for which a map between gaugings and geometric and non-geometric 
fluxes is well established [191 EH EE] ■ Our discussion is also going to be carried out completely 
within the framework of 4 dimensional models, but a discussion of the possible embeddings 
in M-theory for some of the models treated here can be found in a companion paper |21j . 

2 N = 8 supergravity 

Before discussing the details of the minimization procedure and the vacua we obtained, 
we need to fix our notations and conventions. For this reason in this section we present 
some technical details about N = 8 supergravity such as the parameterization of the scalar 
manifold as well as of the duality group generators and a discussion of the key elements of 
the embedding tensor approach to gauging supergravity theories [221 E]- 

The N = 8 supergravity multiplet contains 28 vector fields and 70 scalars, parameterizing 
the coset manifold E 7 ( 7 )/SU(8). The 28 vector fields can be used to make local a subgroup 
of the isometries of the scalar manifolcQ and, by the gauging procedure, generate a scalar 

1 More precisely, they can gauge a group whose adjoint representation is embedded in the duality group 
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potential, which is the main object of interest in our analysis. 

In order to be specific, we need to fix a parameterization for both the generators of the 
duality group and for the scalar manifold. A simple way to describe the £7(7) generators fol- 
lows by decomposing its fundamental and adjoint representations with respect to an 5/(8, R) 
subalgebra: 

56 — ^ 28 + 28', 133 — > 63 + 70. (2.1) 

e 7 ( 7 ) generators are expressed in terms of 63 5/(8, R) matrices A and 70 (self dual and anti- 
self dual) real forms Y*abcd'- 



\ + 1 N — ^AB ^ABCD \ (0 \ 

[ L a\M — I s^ABCD A lAB I 5 l z - z J 



A AB CD E 

^ABCD A ,AB cv 



Here A AB CD = 2A [A ^ C 5 B ] D] and A' = -A T , with A, B,... denoting the 8 and 8' repre- 
sentations of SL(8,R), the actual maximal subgroup of £7(7) being SL(8,R)/Z 2 . Given the 
structure of the scalar manifold, it is also useful to rewrite the same generators in a complex 
basis in which the maximal compact subgroup SU(8)/Z 2 is manifest. In this case one obtains 
a decomposition of the E 7 ( 7 ) generators in terms of the 63 generators of SU(8) \ij kl and of 
complex forms cr^u- The indices i, j, . . . denote the 8 and 8 representations. The change of 
basis is performed with the help of chiral T matrices that interpolate between the two sets 
of indices, taking advantage of the triality property of the common subgroup SO (8): 



C N _ 
OM = 



1 f^ij AB i^ijAB \ r, 1 N__ (\j H &ijkl \ _ n Pr, i Q q] N_ / 9 q\ 

— ^ \ vijAB -ir^ AB J ' L aiK = I a ijkl \ ij k i) ~ — 1 Jp Q ' ^ ' 



From now on, underlined indices refer to the complex basis and allow us to keep track 
of transformation properties with respect to (local) SU(8) transformations. In order to 
reproduce the expected change of basis, one also has to fix the self-duality properties: 

[TabcdV = -[*Tabcd]Ji [TijkiU B = v[*Tw]a b , V = ±1- (2-4) 

The first anti-self duality condition mirrors the anti-self duality of SU(8) generators Eabcd- 
We refer to the second condition as 77-selfduality. 

The scalar manifold is a coset space and hence coset representatives can be employed to 
construct its explicit parameterization. Using for E 7 (7) the complex basis we just introduced, 
E7(7)/SU(8) representatives have the form: 



(pijki 



L(0) M ^ = ex P ( ™«). (2.5) 



generated by the isometries of the scalar manifold. This is in general a quotient of the one generated by the 
representation of the vector fields with its maximal abelian ideal (see section 2.3 of [20 ). 
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However, for future convenience we will choose a mixed basis to define the representatives: 

L(cf>) M ^ = Sl/L(0)p^. (2.6) 

In this way we can use coset representatives to switch between SL(8) and SU(8) covariant 
objects. This is the optimal setup to discuss gaugings of subgroups of SL(8). Actually, when 
discussing only the bosonic sector of the theory, it is often useful to rewrite the theory in 
terms of SU(8) invariant objects and hence describe the scalar manifold via the symmetric 
matrix 

M = LL T . (2.7) 
This matrix is manifestly SU(8) invariant and transforms linearly under E 7 ( 7 ) transformations 

6M = AM + MA T , (2.8) 

where A = A a {t a ) M N ■ 

The two key ingredients for our analysis, the scalar kinetic term and the scalar potential, 
are expressed in terms of M, as 

Cscaiars = \ Tr^A^AC 1 ) - (X MN R X PQ S M MP M NQ M RS + 1X MN Q X PQ N M MP ) , 

(2.9) 

where X MN P define the structure constants of the gauge algebra. As expected, the scalar po- 
tential crucially depends on the choice of the gauge group and in particular on its generators, 
which form a subalgebra of the algebra of duality transformations. Actually, almost all the 
information needed to construct the full N = 8 lagrangian can be encoded in a single tensor 
6m" that specifies which generators of the duality algebra have been chosen as generators 
of the gauge algebra (or how the gauge algebra is embedded in the duality algebra, hence 
the name embedding tensor): 

X M = Q M a t a . (2.10) 

Since determines X, it also determines the scalar potential. 

Obviously, the choice of is constrained by consistency requirements and by supersym- 
metry. The first obvious constraint has to do with the fact that the theory has at most 
28 vector fields and therefore the dimension of the gauge group, given by the rank of 9m° 
cannot exceed 28. Moreover, we would like the theory to be local. This is translated into 
the quadratic constraint 

Q M a <3>N^ MN = 0, (2.11) 

which is telling us which 28 linear combinations of the 56 electric and magnetic vector fields 
are used for the gauging procedure and hence which of the 56 linear combinations in Xu are 
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independent. The second set of constraints comes from the request that the Xm generators 
close into an algebra 

[X Ml X N ] = — X MN p X Pl (2-12) 

which is proved to be equivalent to the request for the embedding tensor to be invariant 
under gauge transformations, namely the quadratic constraint 

X PM N Q N a + Qp^Qm 1 fa a = 0, (2.13) 
where are the structure constants related to the adjoint representation of the generators 



(£ a )/3 7 = —fa/3 1 - The Xmn p are the gauge generators Xm in the 56 representation. In (2.12) 
they also play the role of the gauge structure constants, however we stress that they may also 
contain a symmetric part X(mn) P ^ 0, which vanishes upon contraction with Xp. They also 
generically fail to obey the Jacobi identity, by a term which again vanishes upon contraction 
with the generators. 

Finally, supersymmetry imposes a set of linear constraints: 

t aM N ®N a = 0, {tpt a ) M N Q N P = - l - Q M a , (2.14) 
where the index a has been raised with the inverse group metric. 



Altogether (2.11), (2.13) and (2.14) constrain B, so that the allowed embedding tensors 
will be matrices with rank less or equal to 28 that are defined by parameters in the 912 of 
E 7 ( 7 ), according to the decomposition 

56 x 133 = 56 + 912 + 6480. (2.15) 

One can also prove that once the linear constraint is satisfied and the embedding tensor sits 



in the 912 representation, the two quadratic constraints (2.11) and (2.13) are equivalent. 



2.1 Supersymmetry breaking patterns 

Before embarking ourselves in the task of extremizing the scalar potential scanning among 
all possible consistent solutions of the previous constraints on the embedding tensor, we 
would like to pause and see what are the possible supersymmetry breaking patterns one can 
expect. 

A generic extremum of the scalar potential is going to break partially or completely 
supersymmetry, once more according to the entries of the embedding tensor, which also 
define the fermion shifts of the supersymmetry transformation rules. In fact these are given 
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by contractions of the so-called T-tensor, which can be defined in terms of the embedding 
tensor and the coset representatives as 

Tmn^ = L^L K 1R Q Q a (t a ) R s L s ^. (2.16) 

In the SU(8) basis mentioned above the content of the T-tensor can be expressed by two 
tensors A\$, as 

rpjkl r-lklM r -lN v Pt raj 3 jkl , ° x [k M /n i 7 \ 

if - L> L mi X M n J ---A 2i J +-d i A 1 , {2.17) 

so that the supersymmetry transformation rules of the fermions become 

= 2D^ + . . . + yftgAfrrt, (2.18a) 

S X ijk = ■ ■ ■ - 2gA 2l ijk e l . (2.18b) 

We will explicitly check how many residual supersymmetries are left on the vacua we will find 
in our analysis. However, it is useful to know in advance which supersymmetry breaking 
patterns we can expect from a general analysis of the multiplet structure. In particular, 
while we know that it is not difficult to break N = 8 supergravity to an iV = 1 or N = 3 
supergravity theory on an anti-de Sitter spacetime, there are no examples that we know 
of where supersymmetry is broken to an odd number preserving a vanishing cosmological 
constant. Following [231 121] one can regroup the matter content of the N = 8 supergravity 
multiplet into smaller multiplets of N' < N supersymmetry. One obvious constraint is 
given by the fact that there is always one gravity multiplet (with N' gravitini) and that 
there are always 8 — N' massive gravitino multiplets. If, after completion of the above 
multiplets, there are still matter fields left, one should try to accommodate them in short 
and long representations of the residual supersymmetry group, also taking into account 
that the Goldstone bosons of the broken gauge symmetry are related to the difference of 
translational symmetries between the N = 8 and the N = N' scalar manifold (23J Elj. 

Performing such an analysis it is almost straightforward to show that, for zero vacuum 
energy, while partial supersymmetry breaking to an even number of supersymmetries is kine- 
matically possible, partial supersymmetry breaking to an odd number of supersymmetries 
is extremely constrained. Vacua with N = 5,7 are forbidden [231 123] and there is only one 
possible pattern of supersymmetry breaking to iV = 3. In order to break iV = 8 — » N' = 3 
one has to regroup the fields of the N = 8 supergravity multiplet into N' = 3 multiplets. 
The N = 8 supergravity multiplet can be represented as 

{(2), 8 • (3/2), 28 • (1), 56 • (1/2), 70 • (0)}, (2.19) 
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where the notation n ■ (s) means that there are n fields of spin s. The relevant N' = 3 



multiplets on the other hand are: 

gravity : {(2), 3 • (3/2), 3 • (1), (1/2)}, (2.20) 

long gravitino : {(3/2), 6 • (1), 14 • (1/2), 14 • (0)}, (2.21) 

semilong gravitino : 2 x {(3/2), 4 • (1), 6 • (1/2), 4 • (0)}, (2.22) 

massless vector : {(1), 4 • (1/2), 6 • (0)}, (2.23) 

massive vector : 2 x {(1),4 • (1/2), 5 • (0)}. (2.24) 



From this structure we deduce that there are only two options for decomposing the N = 8 
supergravity multiplet into N' = 3 multiplets, either 1 graviton, 4 semilong gravitini, 1 
long gravitino and 3 massless vector, or 1 graviton, 4 semilong gravitini, 1 long gravitino, 1 
massless vector and 2 massive vectors. However, once massive states have been integrated out 
the remaining scalar manifold would be SU(3,3)/[SU(3)xSU(3)xU(l)] in the first case and 
SU(3,1)/[SU(3) x U(l)] in the second case. The constraint on the translational symmetries 
shows that only the second option is consistent. Indeed, in the first case one has given mass 
to 22 vector fields, but only 18 flat directions have been integrated out. On the other hand, 
in the second case one has given mass to 24 vector fields and got rid of 24 out of the 27 
original translational isometries of the scalar manifold. From this we expect that there is a 
unique way of breaking N = 8 supersymmetry to N' = 3 preserving a Minkowski vacuum. 
Different patterns are allowed if one investigates N — 8 — > N — 1. 

3 Finding extrema of the scalar potential 

We now come to the main part of this note, where we are going to discuss the procedure we 
are going to adopt to find extrema of the scalar potential 

V(4) = ^ {X MN R X PQ S M MP M NQ M RS + 7X MN QX PQ N M MP ) . (3.1) 

This potential is an obvious function of the 70 scalar fields 0, via the coset representatives L 
(and the SU(8) invariant matrix A4), but also of the embedding tensor 0m", which defines 
the structure constants Xmn P ■ Explicitly 

V{4>) = V{L(4>),Q). (3.2) 
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Vacua of iV = 8 supergravity can be obtained by finding extrema of V{<p) with respect to <j), 
i.e. by solving a coupled system of 70 algebraic equations 

For a generic case, the dependence of the scalar potential on the scalar fields is rather compli- 
cated. In the best case, where we imagine to employ the Iwasawa decomposition to perform 
a solvable parameterization of the scalar manifold, V((f>) contains a combination of expo- 
nential functions of the scalar fields associated to the Cartan generators and polynomial 
functions of the scalars associated to the nilpotent generators. The obvious consequence is 
that finding solutions to such a complicated system of equations is challenging and one usu- 
ally restricts one's attention to subsectors of the scalars, invariant under specific symmetry 
groups, in order to simplify the task. Also in this case solutions can often be provided only 
numerically. 

However, there is an alternative that simplifies the computation of the extrema of the 
scalar potential and maps the system of scalar equations to a coupled set of second and 
first order conditions on the gauging parameters. This alternative jH |5] relies on the simple 
observation that the scalar manifold is a coset space and that therefore each point on the 
manifold can be mapped to any other by an Eifrn transformation and, most importantly, 
on the observation that the scalar potential is invariant under a combined action of these 
transformations on the coset representatives L and on the embedding tensor 0. In detail, 
the scalar potential depends only on the contracted combination^ 

V((f>) = V{L- X Q). (3.4) 

Since we are allowed to map any point of the manifold into any other via a duality transfor- 
mation, for a given scalar potential we can map any critical point to the "origin", namely 
the = point. At such point, the scalar potential is a simple quadratic function of the 
structure constants and the minimization conditions become quadratic conditions on the 



embedding tensor that should be solved together with the set of conditions (2.11), (2.13) 



and (2.14) defining consistent gaugings. This means that rather than fixing the gauging 
and then performing a scan of all possible critical points of the scalar potential and then 
scan among the possible gaugings, one can simply solve a set of quadratic conditions on the 
embedding tensor and then read the resulting values of G which define at the same time the 
original gauge group, the value of the cosmological constant and the masses at the critical 
point. 



2 Here L 1 9 formally expresses contractions on both indices of the embedding tensor. 



8 



E 7(7) /SU(8) 



Figure 1: Stationary points of the scalar potential found for 4> = 4>' can be translated to the fixed 
point of the scalar manifold <p = by a non-compact isometry transformation U and by a redefinition 
of the embedding tensor 0' = UQ. 

As mentioned above, in order for this procedure to work, one should be able to redefine 
the scalar potential so that its value at any point is mapped to the origin. This happens if 
one considers a combined action of the E 7 ( 7 ) duality group on the coset representative and 
on the embedding tensor. 

The action of an element U G E 7 ( 7 ) on the scalar fields is linear on the coset representatives 

UL(<f>) = L{<j>')h{<j>, (/>'), with h G SU(8). (3.5) 

Since the scalar potential depends only on the SU(8) invariant matrices Ai, we see that the 
extra field-dependent SU(8) transformation h leaves V(4>) invariant. If we act with the same 
generator also on the embedding tensor 

0^0' = UG, (3.6) 

we see that also the scalar potential remains invariant. On the other hand we can interpret 
an action by U G E 7 ( 7 ) on the embedding tensor as an isometry transformation on the scalar 
fields. In detail, since 

IT 1 (<!>)& = L-\(f>)Ue = hL-\(f/)G, (3.7) 

we get that the scalar potential in terms of the transformed embedding tensor is equivalent 
to the scalar potential evaluated at a different point on the scalar manifold: 

\/(L(0),0 / ) = V(L(0 / ),e). (3.8) 

This identity allows us to calculate the scalar potential and its derivatives for one single 
value of the scalar fields, for instance = 0, and the embedding tensor in the form that 
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defines a particular gauge group. Then we modify the embedding tensor in order to recover 
information on the rest of the scalar manifold. The fact that we can actually cover the whole 
manifold with this strategy is guaranteed by the property of coset manifolds of being homo- 
geneous spaces. The choice of <fi = as the point in which we perform all the calculations 
has the advantage that it is a fixed point under the action of the maximal compact sub- 
group of isometry transformations SU(8), so that we can consider modifications of related 
only by the non-compact transformation and take the constant transformation U to belong 
itself to the coset space E 7 ( 7 )/SU(8), so that there is a one-to-one correspondence between 
transformations U and independent directions on the scalar manifold. 

More precisely, the scalar potential is defined starting from the irreducible parts of the 
T-tensor (2.16) and different embeddings of the same gauge group can be related by E 7 ( 7 ) 
transformations U, so that, at the level of the gauge algebra generators 

Xmn P = ( S>M a {ta)N P — > X' MN P = Um Q Un R Xqji S U 1 s P '. (3.9) 

As stated previously, we can see this as a redefinition of the embedding of the gauge group 
or as a change of coordinates on the scalar manifold, so that the T-tensor gets redefined 

T'MN-{Q)=TMN-{<t>u), (3.10) 

where f/ -1 L(0) = L(<fiu)h((j)u) and where T' refers to the T-tensor computed from the 
X' structure constants, while T is the T-tensor computed from X. The equivalence (3.10) 
actually holds up to the action of h(4>u) on the right-hand side, which can either be eliminated 
by a suitable choice of U or by noting that SU(8) is a symmetry of the action and in particular 
that the scalar potential is SU(8) invariant. Furthermore we can see that, up to similarity 
transformations on the E 7 ( 7 ) generators t a — > Ut a U~ l , the only action we really need to take 
into account is the left action on 9m" — > 6'm° = UM N ®N a - Hence we see once more that 
changing the embedding of G g inside E 7 ( 7 ) can be taken to correspond to keeping the old 
embedding and moving on the scalar manifold. For our purposes this means that we can 
investigate the presence of vacua for any value of the scalar fields just by sitting at the origin 
of the coset manifold and varying the embedding of the gauge group. 

We can apply the same principle to explicitly compute the derivatives of V((f>) at the 
base-point of the scalar manifold = 0. There we can take the vielbeins to be proportional 
to the identity matrix so that the derivatives of the coset representatives with respect to the 
70 scalar fields <p^ kl become proportional to the 70 non-compact generators of E 7 ( 7 ), tijki' 

d m L(0) M N oc [t m ] M p L P N (0). (3.11) 

We can then use this information to simplify the computations of the derivatives of the scalar 
potential. The coset representatives appear in the scalar potential always contracted with the 
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embedding tensor and therefore the derivative of the contracted expression at the base-point 
can be computed by an appropriate action of the non-compact generators. Formally 

d ijkl L-\0)Q oc L-\0)U jkl e, (3.12) 

where the action of the generators should be taken on all the indices of the embedding 
tensor, as both of them are contracted (via the generators) to the coset representatives. It 
is therefore straightforward to replace the derivatives of the scalar potential with respect to 
the scalar fields with the derivatives with respect to the embedding tensor, replacing the 
embedding tensor by the product of the non-compact generators with the embedding tensor 
itself: 

<9 7 V(0, 6) oc ^ • [(t 7 ) M M e N a + 9m"/,;] . (3.13) 

Here we replaced the multi-index ijkl with 7, an index that runs only on the non-compact 
EV(7) generators, while a and (3 run over all the £7(7) generators. If, in addition, we choose 
an orthonormal basis for the 67(7) generators and a frame where Ai(0) = 1, we can simplify 
the explicit expressions for the potential and its derivatives. The scalar potential (3.1) at 
the origin reduces to 

7(0,6) = e M a QM f} (fiZ + 7r )a p), (3.14) 

where r) a p is the Cartan-Killing metric on e 7 (7). Note that, as expected, the expression is not 
£7(7) invariant. The first derivative with respect to the scalar fields at <fi = is proportional 
to 

d p V(0, 6) oc Q M a [t P )M N ®N P (5P + 7r) aP ) + Q M a ®M P f pa ^ (3.15) 

where p runs only over the 70 non-compact generators. Finally, the mass matrix can also be 
simplified to the following expression 

M/(0, 6) oc Q M a {t P t x ) M N ^{€ + 7r) a/3 ) + Q M a ®M P U P f x )p a 

(3.16) 

+ e w «[t p ] M J W/v + QM a [t x ) M N e^f P ^. 

The proportionality factor can be fixed by the analysis of the scalar kinetic term, as we will 
see later. 

We would also like to identify the residual gauge symmetry at the vacua. Given g 6 G g 
and being an extremal point of V, the usual condition g(0) = <fi is best written in terms 
of the representatives: 

gL{4>) = L{(j>)h. (3.17) 



According to (3.7), we want to move the stationary point back to 0' = with a global 
transformation U acting on both L((f>) and 6, so that 

L{<j>) -> L(0)h = UL((/>), 6 -> 6' = US. (3.18) 
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We remind that also the embedding of the gauge group inside E 7 ( 7 ) is affected by U, so that 
the gauge group defined by 9' is isomorphic to the one given by 9, namely G' g = UG g U~ l . 



We can then rewrite (3.17) in terms of g' G G' g : 

gL{(j>) = U- x sfHp)h (3.19) 



Since L (0) = U 1 L(0)h 1 , the residual symmetry condition equivalent to (3.17) reads: 



g'L{0) = L(0)h <£> g' E SU(8) (3.20) 

We see that the residual symmetry is given by the intersection of the gauge group G' g gen- 
erated by X' MN P with SU(8). 



The expression of the scalar potential at the origin of the moduli space (3.14) triggers a 
simple observation on the allowed values of the cosmological constant on the vacuum. Since 
the Cartan-Killing metric is negative definite on the compact generators and it is non-trivial 
for semisimple groups, one obtains immediate consequences on the expected types of vacua. 
For instance, in the case of SO(p, q) gaugings and for canonically normalized generators, the 
cosmological constant is proportional to the weighted difference between the compact and 
the non-compact generators: V ~ 8 • (pq) — 6 • (p(p — 1) + q(q — l))/2. This means that we 
should expect de Sitter vacua only for SO(5,3) and SO(4,4) gaugings and Minkowski vacua 
only for SO(6,2). However, this computation is valid only in a basis where the generators 
are canonically normalized at the origin. 9ther vacua may appear at different points of 
the moduli space and once we move them at the origin the normalizations of the various 
generators change (as dictated by the new values of the embedding matrices). In the original 
picture, this means that moving sufficiently far away from the origin one can change the sign 
of the potential. Although this implies that we do not have a conclusive a priori argument 
for the value of the cosmological constant, this simple observation explains why most of the 
vacua found so far respect this pattern (see Tables [I] and [3] summarizing our results for such 
groups). 

Finally, let us recall on a simpler and more restrictive scenario noted in jS] . Whenever the 
non-vanishing terms of the embedding tensor are mapped among themselves under duality 
transformations, one can consider the analysis at the origin of the moduli space as exhaustive 
of all the vacua for that type of gauging. 

3.1 Symplectic frames 

As explained previously, the gauging procedure is specified by the embedding tensor 9. 
This tells us which linear combinations of the vector fields realize the local gauge group. In 4 
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dimensions, however, vector fields are dual to themselves. This means that in 4-dimensional 
supergravity the same gauge group could be gauged by minimal electric couplings to the 
28 vector fields in the lagrangian before gauging or also by (some of) the dual magnetic 
fields. This means that the choice of symplectic frame (i.e. which vectors are electric and 
which are magnetic) provides important information on the description of the gauging and 
therefore also on the vacua of the theory. This is the only extra freedom that one has 
in specifying a maximal supergravity model and is described in terms of representatives 
of GL(28)\Sp(56,R)/E 7 (7), which defines the allowed embeddings of the duality group in 
Sp(56,[R) [3J. The split of the vectors into electric and magnetic ones is related to the 
splitting of the fundamental representation of E 7 (7), namely the one of dimension 56, into 
two distinct sets of 28 vector fields: A*f = (A^A^/C), where A^ transform in some definite 
representation of the group Go of global symmetries of the lagrangian. For any choice of the 
gauge group G g , there is at least one electromagnetic frame in which this (modulo abelian 
ideals) is realized as a subgroup of Go- This is the electric frame, where we can consistently 



set Act = and the quadratic constraint (|2.11|) is automatically satisfied. 



An important observation is that the action of the duality group on the embedding 
tensor (which is crucial in our minimization procedure described above) may in general turn 
on couplings to magnetic vector fields A^^ even if they were initially absent. For instance, 
if we had considered an electric gauging of some group and hence set 6 Aa = 0, a generic 
action on by E7™ would introduce non-vanishing magnetic couplings 

e' M a = u M N e N a = ( £ B D ) ( e A ° ) (3.21) 

unless C — 0, which restricts U to the group of global invariances of the original lagrangian 
Go. For this reason, imposing or any other specific choice would generally be a 

too strong restriction on our analysis. On the other hand, since we are not interested to 
provide already in this paper a complete classification of all possible gaugings and their 
vacua, we decided to work allowing also magnetic vectors to enter the gauge connection, but 
we restricted the number of entries in Qm 01 that are allowed to be turned on, as we we will 
now explain in detail. 

We stress that although a change in electromagnetic frame does not represent a symmetry 
of the theory (not even at the level of the equations of motion), it does not affect the scalar 
potential. Therefore fixing a choice of electromagnetic frame does not in principle reduce the 
generality of the analysis and has the only effect of allowing 0m" to be easily decomposed 
with respect to representations of a chosen electric group G . 

A natural choice for the symplectic frame is one that allows for a direct comparison of 
our results with the already known ones, in particular those related to the vacua of the 
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CSO(p, q, r) gaugings. For this reason we used the so-called SL(8,K) basis, where the E 7 ( 7 ) 
generators are decomposed according to the embedding of one of its SL(8,IR) subgroups, 
so that the 56 electric and magnetic vector fields split into 28 electric and 28' magnetic 



fields, according to the decomposition (2.1). In detail the electric A^ B and magnetic A^ab 
potentials transform as 



5A i 
5A 



AB 



fi AB 



A CD a AB I i 

An, Acd + A 



A^cdA-' CD ab + A^ CD £ 



, ^CDAB 
liCD * 2j 

^CDAB, 



(3.22) 
(3.23) 



where the action of the E 7 ( 7 ) generators follows from the decomposition (2.2) and the A and 
A' matrices are related to the st(8,R) ones Aa b , as explained there. 

In the SL(8,[R) frame, the embedding tensor components, given by the tensor product of 
the 56 and 133 representations of E 7 ( 7 ), are decomposed as 





28 


28' 


63 


36 + 420 


36' + 420' 


70 


420' 


420 



The entries in the table actually denote representations conjugate to the ones in which the 
embedding tensor transforms. Since only one 420 representation appears in the branching^ 
of the 912, the two 420 representations in the table must coincide, and so must the 420' 
representations. This implies that, if @M a had a contribution in the 420, it would describe 
a coupling of the gauge fields to the generators in the 70, but also, at the same time, induce 
a coupling of the dual gauge fields to the generators in the 63 of SL(8,R). 

In the case of purely electric gaugings, this analysis restricts the allowed embedding tensor 
to just the Qab c d components. Actually, electric gaugings are described by a symmetric 
tensor in the 36' representation of SL(8,[R), which is called 9ab [2]. Also, the embedding 
tensor is completely specified by 



©ab C d 



$[A ®B\Di 



(3.24) 



while all the other components are set to zero. The quadratic constraint (2.11) is obvi- 
ously identically satisfied for such gaugings, hence any symmetric real matrix 9ab defines 
a consistent gauging, even in the case of a non-invertible matrix. While all entries could 
be non-vanishing, the gauge groups resulting from 6^0 depend only on the number of 
positive (p), negative (g) and zero (r) eigenvalues. In fact the electric gaugings in such a 

3 Under SL(8) we have the branching rule 912 -> 36 + 36' + 420 + 420'. 
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frame are restricted to the SO(p, q) groups when r = 0, defined as the finite SL(8) transfor- 
mations g that leave 9 invariant: g6g T = 9. When r ^ one obtains the group contractions 
CSO(j», q, r) [251 [H]. The actual gauge group in this case is SO(p,q) x T r ( 8 ~ r \ The total 
number of inequivalent gaugings is 24, which is calculated taking into account that the gauge 
group does not change if we just permute the eigenvalues between them, nor if we change an 
overall sign (which would correspond to exchanging p and q). The permutations modify the 
embedding of the gauge group in £7(7), but in a completely trivial way that does not affect 
in any way our discussion of the stationary points. 

In our analysis we will also consider gaugings where the 36 representation is turned 
on. We will describe the corresponding gauging parameters by the symmetric tensor £ AS . 
Following once more the decomposition of the embedding tensor representations presented 
above, these parameters turn on the magnetic components of the embedding tensor: 

e ABC D = 6%£ B]c . (3.25) 

Choosing £ 7^ while 9 = is just a relabeling of the vector fields and brings us back to the 
previous discussion. However, when both 9 and £ are turned on, the quadratic constraint is 
not identically satisfied anymore and one gets new and interesting situations. The quadratic 
constraint gives the relation 

8%t AB B c = t DB 0BB6& (3.26) 

from which also ^ ab 9bc — |Tr(#£)<5^ follows. From this we see that we have only two 
options. Whenever the matrix 9 is invertible, the constraint is solved by 

f = c0 -1 , cGR, for det#^0 (3.27) 

On the other hand, if 9 is not invertible it has a non-trivial kernel. In this case the setup 



solving (3.26) is given by taking £ non-zero only in the subspace defined by the kernel of 9. 



We will come back to this discussion later on when we analyze the vacua of such gaugings. 



4 Vacua of the gauged theory 

Now that we have described all necessary ingredients for our analysis, we can present some 
results obtained by using our procedure. 

4.1 6^0 

The first scenario we considered is the simple instance where the gauge group is contained in 
the SL(8,R) electric frame. This means that we considered vacua of the CSO(p, q, r) gaugings. 
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Given that we look for vacua sitting at the origin of the moduli space, the restriction of 
considering only electric gaugings (and hence Q ABa = 0) forbids us to obtain all the vacua 
that in the standard frame have a non-vanishing value of the axions as will be clear shortly. 



From the embedding tensor defined in (3.24) we can easily recover the form of the struc- 

p 



ture constants from the definition Xmn f = ®M a (t a )N ■ In the SL(8) basis they read 



X 



ABM 



N 



AB CD 



EF 



AB EF 



CD 



X 



AB 



0. 



(4.1) 



where f'ABCD EF = 2a/2 8^9 b ^ c <5^J, with the normalization chosen for later convenience, 
are the structure constants of CSO(p, q, r). The scalar potential and its first and second 
derivatives can then be computed by replacing the embedding tensor with its explicit form 



in (3.14), (3.15) and (3.16). For instance, the scalar potential, which fixes the value of the 



residual cosmological constant at the vacua, is 

1 



V(<f> = 0, 



4 



Tr(0 2 ) - -(Tri 



(4.2) 



For the first and second derivative, however, we take here a different route which allows a 



better comparison with the literature, an indirect check of the formulae (3.15) and (3.16) 
and a simple fix for the proportionality factors. 

Following [7] , the scalar potential can be expressed in terms of the squares of the fermion 
shifts, which are defined in terms of contractions of the T-tensor. They are in one to one 
correspondence with the decomposition 912 — > 36 + 36 + 420 + 420 of the T-tensor with 
respect to SU(8) as shown before (2.18) and lead to the fermion shift tensors A\p- At the 



origin of the moduli space and for the class of gaugings under consideration, these tensors 
are 



A?(0) 



Trfl 



A 2 i kl (0) = -Tr(r, 



jkli 



(4.3) 



Coming back now to the derivatives of the scalar potential, one can see that the gradient of 
V{4>) is proportional to the 77-selfdual part of a tensor Q» kl = \A 2m n[ij A 2n kl]m - A 1 m[i A 2m kln \ 
which in our current setup and for = takes the form: 



n ijki = rftpiMtf) _ i-Tr(fl)Tr(r^ 



(4.4) 



A similar expression exists for the second derivative which after some algebra reduces to 

1 



GD ijkl D mn ^V\ 



<j)=0 



Tr(^ 

Or- • 

16 k 



1 
16 



(4.5) 



[ij W]' 
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where the last term vanishes at the critical points of V{4>). The mass matrix of the scalar 



fields is then proportional to (4.5). However, in order to obtain the proper masses of the 



scalar fields, one should start from canonically normalized kinetic terms. For the case at 
hand, the kinetic term of the scalar fields can be written as 



1 1 
12 ' 24 



tijklmnpq 



MM; 



imnpq 



(4.6) 



where 



24 ijklmnpq 



plays the role of the metric with flat indices (we recall that y actually 



correspond to flat coordinates contracted with generators a^ M ). It is then clear that the term 
(12 ' 2h €i i klmn Pi) pl & y s the role of the kinetic matrix, ad its inverse should be contracted with 
^dijkid mnpq V(0) to give the mass matrix MijM mnp9 - The final expression is 



M ijkl mnpq = Qtt(0 2 ) + ^(Trfl) 2 ) - \A 2 ^ {m A 2l] ^ 



3 r f 

H <W 

16 [3 



(4.7) 



*Tr (T^er kl] 9) - -% [m "Tr {T k p 6T%6) . 



Equation (4.4) gives us the condition on 9 for which a vacuum in the origin is found. 



The matrices T l ^ kl are real, symmetric and traceless: consistently with their ^-selfduality 
property, only 35 of them are independent and they form a basis of symmetric traceless 



matrices. Hence (4.4) reduces to 



2d 2 



traceless 



Tree 



traceless ■ 



(4.8) 



We can combine this expression with (4.2) and finally write the stationary point condition 

as 



2 e 2 - e Tie = v t. 



(4.9) 



The computation of the minima and masses via (3.15) and (3.16) leads to the same expres- 
sions. 

We are now in position to determine the critical points at the origin of the scalar potentials 



generated by the e tensors. A first inspection of equation (4.9 ) shows that the condition to get 
an extremum of the scalar potential is invariant under similarity transformations 9 — > P9P~ l . 



This fact means that we can restrict our analysis to diagonal 9 matrices, because (4.9) only 



poses conditions on the 8 eigenvalues of 9. Moreover, it is also independent on rescalings, so 
that we are left with 7 parameters: 



P9P oc diag(Ai, A 2 , A 3 , A 4 , A 5 , A 6 , A 7 , 1) . 



(4.10) 
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We can summarize this result as follows. CSO(p, q, r) gaugings are usually defined by a 
diagonal matrix 6p q r with eigenvalues equal to ±1 or 

fl° gtf = diag(l, ■ ■ ■ , l, r l, ■ , -1 ,0, ■ ■ ■ , 0) , p + g + r = 8, (4.11) 

p q r 

from which the other embeddings are obtained by an SL(8) transformation U that relates 
the generic symmetric matrix 9 to #° r 



SL(8) „ ,„ 



However, once more we can regard U as acting on the coset representatives instead of the 
embedding tensor and take advantage of this fact to check for vacua that have non vanishing 
values of the scalar fields, with 

L((f>) = U^LfflhT 1 , h G SU(8). 



For each diagonal 9 that is a solution of (4.9) there is always at least one transformation 
that maps 0® into 9, generated by the Cartan subalgebra of e 7 ( 7 ). This also fixes the 
normalization because these generators must be traceless. Indeed, these transformations are 
the diagonal SL(8) matrices 

8 

/ A B = diag(/ 1 ,/ 2 ,...,/ 8 ), Y[k = l. (4.12) 

i=l 

We can therefore identify U = \/W\ when \ 7^ 0, though in the case r ^ the form of 
Ia b is not fixed completely. In summary, since an I transformation does not change the 
signature of 9, nor the number of vanishing eigenvalues, we can identify the gauge group for 
each solution by counting the number of positive, negative and vanishing eigenvalues. 



The residual gauge symmetry at the vacuum is given by the condition (3.20) 



gL(0) = L{0)h, (4.13) 

where g is generated by the gauge algebra defined by 9 as opposed to 9® q r . Therefore we must 
require g G SU(8) which reduces to counting multiplicities of the nonvanishing eigenvalues 
of 9 and associating a SO(n) group each. 

We can now provide the first results obtained with this method. The best initial ap- 



proach is to simply solve (4.9) for a generic diagonal 9 and then identify, if necessary, the 



transformation I that leads from the standard form 9® _ _ to the solution. This is sufficient to 
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Gg 


A 


A 


S0(8) 


(1,1,1,1,1,1,1,1) 


AdS 




(5,1,1,1,1,1,1,1) 


AdS 


SO(3,5) 


(-3,-3,-3,1,1,1,1,1) 


dS 


SO(4,4) 


(-1,-1,-1,-1,1,1,1,1) 


dS 


CSO(2,0,6) 


(1,1,0,0,0,0,0,0) 


Mink. 



Table 1: solutions of (4.9) for 9 = diag(Ai, . . . , As), up to normalization. In the third column 



we indicate the type of vacuum arising from these solutions. 



reproduce 2 known vacua of the SO (8) theory and all known vacua of the CSO(p, q, r) gaug- 
ings for non-zero q and/or r. For each solution we can now also provide the complete mass 
spectrum for the scalar fields and discuss the stability of the vacua (at least at quadratic 
order). For most of these vacua this is a new result, unavailable with previous techniques. In 
table [T] we report the 5 combinations of eigenvalues that solve the vacuum condition. These 
solutions are defined up to a rescaling, however this freedom is fixed by the requirement that 
I G SL(8). In table [2] we give the mass spectrum of the same vacua together with the values 
of the effective cosmo logical constant. 



G 9 


A 


2 

(multiplicity) 


SO(8) 


-6 


_ 1(70) 


SO(8) 


-2 x 5 3 / 4 


0(7), 2(i), — 1(27), — 1(35) 


SO(3,5) 


2 x 3 1 / 4 


0(15), 4(5), -2(i), 2 ( 3 ), |(i4), -|( 5 ), 


SO(4,4) 


2 


0(16), 1(16), 2(3 6 ), -2(2) 


CSO(2,0,6) 





°(48), 2(20)' 2 ( 2 ) 



Table 2: Values of the effective cosmological constant and scalar masses in units of the 
cosmological constant (for A ^ 0). 



We can see that the SO(8) solution at the origin, corresponding to 9 = 6*g = 1, is the 
well known maximally supersymmetric AdS vacuum of the SO (8) theory. Indeed, one sees 
immediately that A2 = and therefore 8 Killing spinors are preserved at the vacuum. The 
Breitenlohner-Freedman bound \m 2 /A\ < 3/4 is of course satisfied and the vacuum is stable. 

For the SO(4,4) gauging we have an unstable de Sitter vacuum for 9 = — 1 4 © 1 4 . The 
16 non-compact gauge symmetries are broken spontaneously at the vacuum. Indeed, we 
can identify in the mass spectrum 16 vanishing eigenvalues corresponding to the Goldstone 
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bosons. The de Sitter vacuum of the SO (4,4) theory was known [TTJ [T2] and part of its 
spectrum and its (in)stability was also discussed in [2l)| |2"T]. 

For CSO(2, 0, 6) we find a stable Minkowski vacuum at <j)^ kl = 0. There are 48 vanishing 
masses, 12 of which correspond to Goldstone bosons of the broken (non-compact) gauge 
symmetries. Other flat directions can be identified with SL(8) transformations acting on 



6 = 02 O 6 of the form: 



/ al 5 

V 



Mi 



6x( 



, a = |detM|" 1/2 , M G GL(6)/SO(6) . (4.14) 

/ 



The requirement that M does not belong to the compact subgroup SO (6) is motivated by the 
fact that such transformations are contained in the isotropy group SU(8) and therefore do not 
correspond to different points on the scalar manifold. The GL(6) transformations account 
for additional 21 flat directions. Of course, they also lead to a rescaling of 9 by a factor a, 
which is reflected in a multiplicative factor a 2 in the values of the masses indicated in table 
[2j The remaining 15 null mass eigenvalues are associated with isometry transformations 
that are not contained in SL(8), and therefore correspond to shifts of the imaginary parts of 
the scalar fields. This vacuum breaks supersymmetry completely, as we can easily see since 
A\ oc lg, while we would expect it to have some vanishing eigenvalues if there were solutions 
to the Killing spinor equations. Actually, it can be easily seen that such a model is also a 
special case of a more general flat group gauging, related to the Scherk-Schwarz reductions, 
where all the gravitino masses have been chosen equal |21j . 

The analysis of this vacuum suggests also an observation that goes beyond the application 
to this specific instance. We know that Scherk-Schwarz models are models that have positive 
semidefinite potentials and hence admit only Minkowski minima. This is translated into 
specific conditions on the embedding tensor that lead us to the same conclusion. Among 
these, there is the fact that the variation of the potential with respect to the non-compact 
generators vanishes because of the non-trivial grading of the potential itself with respect 
to some of these generators. It is interesting to see that this can be made into a general 
argument. Suppose that the whole embedding tensor has grading c with respect to some 
non-compact generator t G £7(7)' 

(5 t Q) M a = t M N Q N a + © M V = cQ M a . (4.15) 

Then, all vacua admitted by the theory must be Minkowski. Indeed the variation of the 
scalar potential with respect to such generator is proportional to the potential itself and 
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therefore, for the first derivative to vanish, we need also the scalar potential to vanish: 



s t v ex (dtQ) M a e M p (6^ + 7 Va p) = cv = o & v = e M a e A /(^ + 7^) = 0. (4.16) 

This is exactly what happens in a generic Scherk-Schwarz model, where the embedding 
tensor has a non-trivial grading with respect to an S0(1,1) generator, which is singled out 
in the electric E 6 basis [28J. 

The other two solutions in table [T] correspond to vacua that were found for non- vanishing 
values of some of the scalar fields. We reproduce them here by performing an I G SL(8) 
transformation on the embedding tensor, as previously explained. Since det / = 1, we need 
to normalize the eigenvalues indicated in the table, so that these two new vacua are associated 
with matrices 

9 = 5 _1 /8(5 © 1 7 ), SO(8) vacuum, 

(4.17) 

6 = 3~ 3 / 8 (-3 1 3 © 1 5 ), SO(3,5) vacuum. 

The SO(8) vacuum [81 [7] is anti de Sitter and its residual symmetry group is SO(7). For the 
27 directions with negative mass eigenvalues m 2 = — 8/5 1//4 , the Breitenlohner-Freedman 
bound is not respected, indeed one finds \m 2 /A\ = 4/5 > 3/4, which means that the vacuum 
is unstable. Supersymmetry is broken completely. The SO (3,5) vacuum is de Sitter and 
unstable f2E\ I2T] . The ratio of the negative mass eigenvalues with the effective cosmological 
constant is of order 1, as in the case of the SO (4,4) vacuum. Therefore conditions for slow 
roll inflation are not satisfied by both these vacua. The 15 vanishing masses corespond to 
Goldstone bosons. 

We stress again that up to this point our analysis is based on the choice of the embedding 
tensor ©a/" in the electric frame of SL(8,[R), and that we are able to find vacua by using 
only SL(8) transformations. There is a one-to-one correspondence between the generators 
of the non-compact isometry transformations and the scalar fields. Indeed, with reference 



to the definitions (2.2) and assuming a symmetric parametrization of the coset space, the 
35 symmetric matrices A^ B that generate SL(8)/SO(8) correspond to the real parts of the 
scalar fields, while the selfdual tensors Eabod correspond to the imaginary parts. We can 
therefore state that these are all the vacua where the scalar fields take real values in the 
standard parameterization of the CSO(p, q, r) gaugings. Other vacua are known for the 
SO (8) theory, however the scalar fields generally take complex values at the critical points. 
In order to reproduce these vacua, we would have to consider all non-compact isometries of 
the coset space E 7 ( 7 )/SU(8). 
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4.2 9 ^ and f ^ 

There is another similar setup that not only allows us to reproduce some other vacua of 
the SO (8) theory, but also to reveal new stationary points and new gauge groups embedded 
in SL(8). We begin our discussion with the study of the S0(8) theory We would like to 
reproduce vacua where the scalar fields take purely imaginary values, which translates into 
considering isometry transformations generated by the 35 sefldual tensors J^abcd- 



With reference to (2.2), one can identify a su(8) and two sl(8) subalgebras of z^y) [22J. 
The first sl(8) is given in terms of traceless matrices A, while su(8) is constructed taking 
A = — A T and adding the 35 anti-self dual tensors T^abcd- A second sl(8) algebra can be 
defined in terms of A = — A T and self dual Eabgd- We will denote the group generated by 
the latter algebra SL'(8), to distinguish it from the previous one. We stress that all three 
groups share the same SO (8) generated by antisymmetric A's. We see that the non-compact 
part of SL'(8) is associated to the pseudoscalar fields. We would like therefore to rewrite 
the generators and the embedding tensor in an SL'(8) covariant form. This is achieved in a 



manner similar to what we did in (2.3): we introduce a new set of chiral T matrices, r 



ab 

that interpolate between SL(8) and SL'(8) indices (upper- and lower-case respectively). We 
must choose the selfduality relations 

I^'aBCd}^ — {^'aBOdIo', [F' a bcd]A B = [~ k ^'abcd\A B ' , (4-18) 

in order to obtain the correct change of basis. We stress that V matrices can be taken to be 
real, which allows us to define the symplectic rotation 

= ~ 7k \ rtbAB rat}- (4.19) 

AB J 



4\/2 \-T abAB r 



Generators Rt a R T are formally identical to (2.2), with upper-case indices replaced by lower- 
case ones. The old SL(8) group is now generated by A a b = —Ab a and selfdual £ a b cc z. The 
gauge algebra so (8) is not affected by R. 

We can now apply the same trasformation to the embedding tensor, assuming 8ab — $ab- 



The calculation is very similar to the one of the fermion shifts. It is evident from (4.19) that 
8m q in the new basis will not be electric. Namely, we expect A 7^ 0. Indeed, we find 

M x -\ (4 - 20) 

where for the moment #' = £' = 1§. If we did not take 9ab — $ab, extra terms proportional to 
[T' a bcd ] AB 9AB would have appeared, corresponding to the 420 and 420' si' (8) representations. 
We have already discussed the quadratic constraint for fluxes in the 36 and 36', which reduces 
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to £' oc 9'~ 1 . This is of course automatically satisfied and we are now free to apply SL'(8) 
transformations to this setup, which translates into taking an arbitrary symmetric, positive- 
definite and unimodular matrix 9', together with its inverse £' = 9'~ l . A direct calculation 
of the potential gives 

V(0,9',a = l^(9' 2 ) - l(Tr0') 2 + ^Tr(e /2 ) - ^(Tr£') 2 - (4.21) 
8 lb 8 lb 

Taking derivatives with respect to the pseudoscalar fields is equivalent to taking infinitesi- 
mal non-compact SL'(8) variations of V(0, 9', £'). One obtains the stationary point condition 

2Tr (A{9' 2 - £' 2 )) - Tr (A(0"rr0' - £"&£')) = 0, A G sl'(8). (4.22) 

We remind that £' transforms in the conjugate representation with respect to 9'. Now, since 
A can be any symmetric traceless matrix, we must just require the rest of the expression to 
vanish up to some term proportional to the identity: 

1{9 12 - £' 2 ) - (9'Tt9' - £'Tr£') oc 1 8 , (4.23) 

In order to prove that this is the correct vacuum condition, we need to check that SL(8) 



variations vanish identically. This can be done explicitly from (3.15), noting that no mixed 
terms with 9' and £' appear, so that one can separate the structure constants in two pieces 
and easily recover the final result)^} 



The vacuum condition (4.23) is again invariant under similarity transformations. We can 
therefore restrict our attention to diagonal matrices. By fixing det9' = 1, we end up with 
only 7 parameters. We stress that a priori we are considering a setup where 72 parameters 
of the embedding tensor are turned on, although only half of them are independent after 
we impose the quadratic constraint. Up to an irrelevant normalization, this mirrors the 
fact that we are reproducing vacua where 35 (pseudo) scalar fields are allowed to take non- 
vanishing values. The fact that we can restrict to diagonal 9' and £' without loss of generality 
is therefore an important simplification. Unfortunately, even after such simplifications, the 
equation determining the vacua is not anymore quadratic in the 9' parameters, because of 
the presence of the inverse matrix £' oc 9'~ 1 . However, one can still find analytic solutions 
by varying 1 or 2 eigenvalues. We chose 

0' ab = (r s)- 1/8 diag(l, 1, 1, 1, 1, 1, r, s) (4.24) 

and in addition to the N = 8 AdS vacuum at r = s = 1, we found two more solutions 

4 One should also check that no contributions come from the 420 and 420' terms. This is guaranteed by 
direct calculation of V(<f> = 0) in the general case, which shows that V - (36) 2 + (36') 2 + (420) 2 + (420') 2 
and we set the last two contributions to zero from the beginning. 
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i. r = 1, s = (7 — 3y / 5)/2, which is the S0(7)_ vacuu described in [HIE], with Aj g 1 

_25\/5. 



ii. r = 3 + 2V% s = 1/r, which is the S77(4)_ ~ 50(6) vacuum found in [8], with 
A/g* = -8. 

We will discuss further these and other results below. 

Inspired by this construction, we can now relax the conditions on 9' and in order 
to identify other vacua and other gauge theories. From now on, we drop the ' from the 
notation, since the SL(8) and SI/ (8) bases are formally identical. Moreover, we will not 
require 9 and £ to be positive definite nor impose any particular value to their determinant, 
since normalizations can be worked out later. All relevant formulas in this section still 



apply, in particular (4.20), (4.21) and (4.23). We therefore consider the general solution of 



the quadratic constraint for these fluxes, namely 

£oc0 -1 or 9£ = 0. 



(4.25) 



In the first case, the resulting gauge algebra is still S0(p, q), with p + q = 8, however the gauge 
connection now also involves the "magnetic" vector fields A^ab- Contractions to cso(p, q, r) 
are no more allowed, because they would violate the quadratic constraint. We can, however, 
consider the case = 0. Since both 9 and £ must have a non-empty kernel, the gauge 
algebras turn out to be "superpositions" of two cso(p, q, r) ones, where the two semisimple 
factors commute with each other (because of the quadratic constraint), while some of the 
nilpotent generators are in common between the groups and others add up to form a bigger 



abelian algebra. This structure can be guessed by inspecting (3.24), (3.25) and (4.20). The 
generic form of these gaugings is 



(SO(p, 9 ) X SO(2/,g')) X T (8-r)r+(8-r')(r-'+r-8) 



(4.26) 



where p + q + r = p' + q' 
SO(p+p',8-p-p'). 



8. They can be defined as different contractions of 



The vacuum condition for this setup is still given by (4.23). Again, finding all solutions 



analytically is difficult, but several new results can already be obtained by varying only a 
subset of the eigenvalues of 9 and £. We summarize our results in Table |3j 

Inspecting Table |3j we see that 9 and £ have no fixed normalization. This contrasts with 
the analysis presented previously and therefore it deserves an explanation. When only 9^0, 
we can obviously change the values of 9 to move on the parameter space associated to the 



5 The ± symbol differentiates the two SO (7) vacua found so far in the N = 8 theory. These are related 
by a Z2 symmetry. 
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# 


Gauging 




A 


i 


bU(o) 


= 4 = a © 1 7 


A .J O 

Ado 


ii 


b(J(8) 


= £ — (a, 1/aJ © JL 6 


Ado 


iii 


S0(7,l) 


= 4 = — 1 © 1 7 


A J O 

Ado 


iv 


bO(7,lJ 


= 4 = (61,62) © le 


A .J O 

Ado 


V 


bO(7,lJ 


= 4 = — 1 © I5 © (c, l/c) 


Ado 


vi 


b(J(o,2) ~ b(J (8) 


= 4 = (-I2 © l6)/2v2 


Mink 


vii 


b(J(5,3j 


= 4 = -I3 © I5 


db 


viii 


bU( f J K J 


= u © 17, 4 = v © ^7 


Ado 


ix 


b(J(( J x 1 


= 4 © 1 6 © u, 4 = (D7 © ^ 


Adb 


X 


bU(o) x bU(l,l) x i 


= 1 6 © U2, 4 = ^6 © IV 2, — V2J 


Adb 


xi 


S0(6) x S0(1,1) x T 12 


= 3ffil 5 ©O 2 , £ = 6 © (V3, - V3) 


AdS 


xii 


S0(4) x SO(2,2) x T 16 


= 1 4 © 4 , £ = 4 © 1 2 © -la 


Mink 


xiii 


SO(2) 2 x T 20 


= (1 2 © 6 )V2, £ = (0 2 © I2 © 04)^ 


Mink 



Table 3: Vacuum solutions found for 0,4 7^ 0. The SO(8) case is also included here, al- 
though with a different normalizati on. Minkowski solutions are normalized to easily com- 
pare their mass spectra (see Table 4.2). a = 3 + 2\/2; 61 = l/2(— 1 + \/2)(— 1 + \/5), 
6 2 = -1/2(1 + v^X-l + V^); c = 2 + y/3. 



moduli space, but we can also rescale the gauge coupling constant to define equivalence classes 
of gaugings. In particular, we have seen that once we normalize the value of the cosmological 
constant for a specific vacuum of a given gauging, we can keep consistent normalizations by 
using rescalings that do not change the determinant of 0. On the other hand, when £ = c0 _1 
for c ^ 0, there are three parameters that can be tuned: the proportionality constant c, 
the determinant of 0, and the gauge coupling constant g. Moreover, a rescaling of the 
coupling constant acts in the same way on and 4, while a rescaling of det acts inversely 
on £• Introducing equivalence classes of gaugings for different parameterization is therefore 
more subtle. We have seen previously that det is preserved by isometry transformations. 
However, the quadratic constraint ties c and det0 with each other, so that, by rescaling g, 
one could either fix det = ±1 and keep c 7^ or alternatively fix c = 1 and let det to take 
any non-vanishing value. Actually, once the normalization of the value of the cosmological 
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# 


G gauge 


Gres 


A 


™2 (multipl.) 


vi 


SO(2,6) 
CSO(2,0,6) 


S0(2) x S0(6) 
S0(2) 


Mink 


2(2) 5 I (20) ,o( 48 ) 


xii 
xiii 


S0(4)x SO(2,2) x T 16 
SO(2) 2 x T 20 


SO(2) 2 x S0(4) 
SO(2) 2 


Mink 


4(4) j 2 (12) 9 1 (16) ) Q(38) 


i 

iii 
viii 


S0(8) 
S0(7,l) 
S0(7) x T 7 


S0(7) 


AdS 


9 (1) 4(27) 2 (35) (7) 
Z ' 5 '5 ' U 


ii 

iv 
ix 

X 


S0(8) 
S0(7,l) 
S0(7) x T 7 

oU^OJX oU^l,lJ X i 


S0(6) 


AdS 


2(2) _1(20) _l(20) (28) 


V 

xi 


S0(7,l) 

S0(6)x S0(1,1) x T 12 


SO(5) 


AdS 


9 (3) 4(14) 2 (5) n (48) 
z , 3 , 3 , U 


vii 


SO(3,5) 


S0(3) x S0(5) 


dS 


-2(i), 4( 5 ), 2( 3 °), | (14) , -| (5) , 0( 15 ) 



Table 4: mass spectra and residual symmetries for the new vacua. Known solutions of 
CS0(2, 0, 6) and SO(8) theories are given for reference. When A ^ 0, masses are normalized 
with respect to it. 



constant of a given vacuum for a specific gauging has been fixed, other vacua will keep the 
same normalization with respect to that only for fixed combinations of the various rescalings, 
which, however, generically depend on the gauging. For instance, in addition to the vacua 
in Table [3j we also find an SO (4,4) vacuum in this class, whose cosmo logical constant can 
be normalized to the same value as the one of the vacuum obtained with only 9 7^ 0. 
In fact we can show that this new vacuum constructed with both 9^0 and £ 7^ is 
equivalent to the previous one. This can be done by performing a symplectic rotation of a 
form analogous to the one used for the SO(8) gauging, namely (4.19). The relevant matrix 
can be constructed using a real representation for the T^ B matrices, with (r^)^ and {T a )A_B 
elements in Cliff(4,4), satisfying self-duality conditions (4.18) where the indices are raised 
and lowered using 9. Unfortunately, it is not easy to envisage the explicit form of a similar 
transformation for the other cases, where the corresponding T matrices cannot be chosen 
to be real and the transformation itself must include a non-compact element of £7(7). This 
is the reason why we simply decided to fix c = 1 in all the remaining examples and report 
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the vacua with arbitrary det 9. We made an exception for the Minkowski solutions (vi) and 
(xiii), where a different normalization is chosen in order to better compare the mass spectra 
with other vacua. 

We have checked explictly the residual supersymmetry, gauge symmetry and stability of 
these vacuum solutions. All vacua break supersymmetry completely, and the AdS ones do 
not respect the Breitenlohner-Freedman bound. However, Minkowski solutions are stable at 



the quadratic level. Table 4^2 summarizes these results. 

We were also able to identify some flat directions, not corresponding to Goldstone bosons, 
for the SO(2,6) vacuum (vi) and for the SO(4) x SO(2,2) xT 16 (xii) Minkowski solutions. 
In the first case, the following parametrization keeps V = 0: 

. i ( S S U U t t \ /_ N 

= f-i = diag -rs, -rs, -, -, , 4.27 

\ tr tr s s us us J 

while for SO (4) x SO (2,2) xT 16 

0= (u, u, -, 0, 0, 0, 0), e = fo, 0, 0, 0, ts, ts, --,--). (4.28) 
\ u u J V s s/ 

Also for SO(2) x SO(2) xT 20 , 9 and £ can be rescaled independently without affecting the 
value of the potential. An interesting fact about these flat directions is that they allow to 
interpolate between the SO (2,6) theory and the other two groups, when taking a singular 
limit of the isometry parameters. These non-semisimple groups, together with CSO (2,0,6), 



are indeed different contractions of SO(2,6). For example, with reference to (4.27): 

• g ~ s -> reproduces the contraction SO(2,6) ->■ SO(4) x SO(2,2) xT 16 , 

• g ~ u -»■ reproduces SO(2,6) SO(2) x SO(2) xT 20 , 

• g ~ us, s ~ u — > reproduces SO(2,6) — > CSO(2,0,6), 

where g is the gauge coupling constant, which must also take a singular limit in order to 
reproduce the correct Lie algebra contraction. 

4.3 On the spectra of the SO(6,2) and CSO(2,0,6) models 



A first look at Table 4.2 reveals that the critical points of the SO(6,2) and CSO(2,0,6) 
gaugings with maximal residual symmetry group have the same mass spectra for the scalar 
fields. This is also true for other gauge groups and vacua that share the same residual 
symmetry group. 

Of course, one could ask if this is a feature only of the scalar field masses or also of the 
other fields. By applying our results for the fermion shifts to the mass formulae in |29j, we 
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Figure 2: Values of the masses of 3 of the scalar fields of the SO(6,2) spectrum as a function of 
two of the moduli fields. The first and the last plot are referred to massless scalars at the maximally 
symmetric critical point. It can be seen that in some directions the masses become negative and the 
potential unstable. 

computed also the masses of the other fields of the SO(6,2) and CSO(2,0,6) models and we 
actually found that the spectra coincide and agree with the spectrum of the Scherk-Schwarz 
models with 4 identical parameters, which is represented by the CSO(2,0,6) gauging. In 
detail, besides the massless graviton, we have 8 gravitini with the same mass m = we 
have 8 massless spin 1/2 fields (corresponding to the 8 goldstini), 8 spin 1/2 fields with mass 
3m and 40 spin 1/2 fields with mass m. We also have 16 massless vector fields and 12 vector 
fields with mass squared 4m 2 . 

At this point one may think that the two models agree beyond the quadratic order, but 
they actually do not. A more careful inspection of the spectrum reveals a very interesting 
dependence on the moduli fields. While in the CSO (2,0,6) case, the dependence on the value 
of the moduli fields is such that one simply has an overall rescaling of the full spectrum, 
for the SO(6,2) model, the dependence is more complicated. While moving along some of 
the directions dictated by such moduli fields one obtains a further breaking of the residual 
gauge symmetry and also the spectrum changes accordingly. Actually, we can also see that 
going beyond the quadratic level there are some massless fields of the spectrum that become 
tachionic, rendering the vacuum unstable. We provided in Figure [2] an example of this 
phenomenon. One can see from the plots that while moving in some directions in the moduli 
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space one can further lift some of the flat directions existing at the origin of the moduli 
space, moving in other directions may lower the value of the masses of such scalar fields 
below zero. 

Combining this information with the previous observation that at the boundary of the 
moduli space one recovers one model from the other, we can see that a very interesting 
structure emerges that we hope we will be able to analyze in more detail in the future. 

5 Comments 

We have shown that by combining the embedding tensor formalism and the fact that the 
scalar manifold of N = 8 supergravity is a coset space, we can reduce the conditions to 
obtain vacua of the gauged theory to linear and quadratic constraints on the embedding 
tensor. Using this technique we easily reproduced many of the known vacua and produced a 
dozen new ones, while computing the full mass spectra for the scalar fields. All these results 
are analytical. 

Actually, an interesting fact emerges by the analysis of such spectra. All the vacua that 
have the same residual gauge symmetry also have the same mass spectrum (normalized with 
respect to the cosmological constant). While it can be expected that the scalar fields arrange 
themselves in multiplets of the residual symmetry and that therefore different vacua may 
show similar degeneracies, the fact that their exact mass value also coincides is somehow 
unexpected and deserves an explanation. 

We should also note that the Minkowski vacua we found have moduli fields, whose ex- 
pectation values tunes the values of the masses of the other scalar fields. These are the 
N = 8 analog of the N — 1 no-scale models, where the supersymmetry breaking scale and 
the masses of the scalar fields depend on a sliding parameter determined by the vacuum 
expectation value of some modulus. It is also a common feature of Scherk-Schwarz reduc- 
tions, where all the masses depend on specific combinations of up to 4 parameters, but whose 
overall scale is fixed by some of the remaining moduli fields. Our analysis shows that this 
feature is related to the fact that all the corresponding embedding tensors are charged with 
respect to some non-compact symmetry, whose corresponding isometry direction determines 
the scalar associated to such sliding scale. In particular, both the CSO(2,0,6) and the SO(2) 
x SO (2) x T 20 models have an embedding tensor with a definite non-zero grading with 
respect to an SO(l,l) generator and hence fall directly into this class. On the other hand 
also the SO(2,6) and the SO(4) x SO(2,2) x T 16 models have moduli dependent masses, 
although their embedding tensor is not of this type (and in fact the scalar potential is not 
positive definite and the dependence of the mass spectrum on the moduli fields is more 
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complicated). 

Another interesting fact was pointed out at the end of the previous section. Once one 
has fixed a gauge group and found a vacuum, by moving on the residual moduli space 
towards the boundary one may reach a point that corresponds to a different choice of the 
embedding tensor and hence of the gauge group (up to a redefinition of the gauge coupling 
constant in the singular limit). If one considers these models as products of (non-geometric) 
flux compactifications of some higher-dimensional theory, this fact suggests the existence 
of a non-trivial structure of the moduli space, with possible transitions between different 
geometries and compactification schemes. 

Also in the vein of regarding at our 4-dimensional models as products of some compact- 
ification scheme, it is interesting to point out that the vacuum (x) has a gauge group whose 
semi simple part becomes electric in the standard frame following from reductions from 5 
dimensions. In such a frame the SO (6) gauge group could be naturally interpreted as the 
gauging resulting from the reduction on S 5 , while the reduction from 5 to 4 dimensions 
must be performed in a way that produces an additional gauging of an SO(l,l) dilatation 
symmetry. This suggests the existence of an AdS± x OH 1 x S 5 vacuum of type IIB supergravity. 

We decided not to investigate further the higher-dimensional origin of our models, but we 
refer the reader to a companion paper where the relation between N = 8 gauged supergravity 
and U-dual reductions of M-theory is discussed in detail [21]. 

There are many obvious lines of development of our project. The first one is to apply 
more systematically our approach in order to complete the classification of the vacua of 
A = 8 5*0(8) gauged supergravity. This gauged supergravity is of primary importance also 
for its relation to the models of M2-branes. The technique presented here could be applied 
to such a theory after we have identified the duality orbit of SO (8) in E 7 ( 7 ). Once this is 
done, one has fixed the general form of the embedding tensor related to such models and 
one can therefore apply our technique to this restricted O. 

Another interesting line of development is given by a better analysis of the criteria needed 
to obtain vacua with a positive cosmological constant. For instance, we have seen that our 
analysis implies that having non-compact generators involved in the gauging is a necessary 
requirements for semisimple gaugings involving all 28 vector fields that couple to canonically 
normalized generators. More in general, compact gaugings lower the value of the cosmolog- 
ical constant by a factor proportional to the group metric. Although we could not extend 
this argument more in general, because embeddings with non canonical normalizations may 
appear, it is possible that by using also the information coming from the critical point con- 
ditions more strict relations between the parameters may appear, providing criteria with 
a wider applicability. Once such constraints have been better understood one could also 
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produce more example and have a final word on the stability of such vacua in extended 
supergravity. 

Finally, the long-term goal of exhausting and classifying all possible gaugings and their 
vacua could be obtained by implementing the algorithm presented here on a computer, 
possibly combining this kind of analysis with advanced numerical techniques. 
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